Abstract In this paper we prove that the conjectures of Frisch and Parisi in 9] and Arneodo et al in 1] (called the multifractal formalism for functions) may fail for some non homogenous selfsimilar functions in m dimension, m 2. In these cases, we compute the correct spectrum of singularities and we show how the multifractal formalism must be modi ed.
Introduction
The multifractal formalism for functions is an heuristic principle which says that for a 
S i ( ) \ S j ( ) = ; if i 6 = j : (3) g is a C k function with all derivatives of order less than k having fast decay.
There exists x 0 2 such that F is not C k (x 0 ).
The multifractal formalism was also proved in one dimension when the S i are no more linear and two dimension when the S i are analytic mappings of z = x+iy (see 3]), and the fundamental idea is that in a certain sense (see Lemma 1 in 3] ) locally these contractions are close to linear contractions in one dimension and contract with the same rate in each direction in two dimension. However, we will prove in this paper that for contractions that contract with di erent rates in each direction, the multifractal formalism for functions fails. Then we show how it must be modi ed in order to be adapted to a large class of non homogenous selfsimilar functions.
Let us rst explain the terminology that will be used throughout this paper.
De nition 1 A function F : I R m ! I R belongs to C (x 0 ) for > 0 if there exists a polynomial P of degree smaller than such that jF(x) P(x x 0 )j Cjx x 0 j : (4) The H lder exponent of F at x is de ned by (x) = supf : F 2 C (x)g : If (p) p then formula (5) must be modi ed as follows in order to be consistent with (6) : if it is equal to p, one should use the same formula but with the gradient of F, and so on until (p) falls between two integers multiplied by p.
(p) is also related to Besov's smoothness index. Let us recall that if is a C k (I R m ) radial function with all moments of order less than k vanishing and all derivatives of order less than k are well localized and k large enough depending on the properties 
It is also well known (see 13]) that the H lder regularity can be characterized in terms of estimates on the size of the wavelet transform. In fact we have: 
or d( ) = inf( p (p) + m): (13) In the next section, we will prove the existence and uniqueness of the solution of equation (1) for non homogenous contractions and we compute its uniform regularity.
In the third section, we show that the previous relationships between the estimates on the size of the wavelet transform and the H lder regularity are not compatible with non homogenous series: we obtain di erent lower and upper bound for the H lder regularity for any non homogenous selfsimilar function. So we restrict to our couterexamples for the determination of the exact value of the H lder regularity by estimating the increments of the function.
In the fourth section, we compute the spectrum of singularities for our couterexamples and we show that unlike the case of homogenous selfsimilar functions, the spectrum of singularities depends on the geometrical arrangement of the S j ( ).
In the fth section, we compute (p) and we prove that for our couterexamples, the multifractal formalism fails .
In the sixth section, we replace the Euclidean norm used in the de nition of the H lder regularity by another norm which will be compatible with the anisotropy, we make similar modi cations for the notions that appear in the multifractal formalism and we give the characterizations of the modi ed H lder regularity in termes of conditions on the size of an adapted wavelet transform.
Finally, in the seventh section, we prove the validity of the new multifractal formalism for a large class of non homogenous selfsimilar functions. K will be the unique non-empty compact set (see 10]) satisfying
We have
< ! 8 (! 1 ; : : : ; ! n ) 2 A n g Let g be a C k function with all derivatives of order less than k well localized. We will call a selfsimilar function adapted to the subdivision A, a function F satisfying:
With the conventions F(T 1 ! (x)) = 0 and g(T 1 ! (x)) = 0 for x = 2 < ! , we can write R (1, 6) R R (2, 2) Iterating (16), we obtain for any N:
We will now show the existence and the uniqueness in L 1 (I R 2 ) of the solution of (16) under some hypothesis on the ! and then we will determine its global H lder regularity. For the uniqueness of the solution of (16) in L 1 (I R 2 ), remark that if there was two solutions, it follows from the fact that (17) holds for any N that their di erence is a distribution supported by K and is a solution of the homogeneous equation
hence if P !2A j ! j< st, equation (19) has zero as a solution in L 1 (I R 2 ). Let us now prove that F 2 C min (I R 2 ). For that we will use the Littlewood-Paley characterization. We split F as a sum
Let be a function in the Schwartz class such that ( ) = 0 for j j 1 and j j 2ŝ ( ) = 1 for 2 j j s:
Recall that a function F belongs to C r (I R 
Let us now compute the H lder exponent (x) of F at each point x of K; recall that
For that, we will assume the separated open set condition (15) for the subdivision A.
De ne for x 2 K, !(= !(x)) 2 A I N by ! = 1 (x).
If ! = (! 1 ; ! 2 ; : : : ; ! n ; : : :) with ! l = (i l ; j l ) 2 A then x = P 1 l=1 i l s l ; P 1 l=1 j l t l . For notational convenience, set !(n; x) = (! 1 ; : : : ; ! n ) ; !(n;x) = ! 1 !n and S !(n;x) = S ! 1 S !n :
Now let a n (x) = log j !(n;x) j log t n and a(x) = lim inf n7 !1 a n (x):
Proposition 3 Proof:
Let > 0, there exists n 0 so that a n (x) > a(x) for all n n 0 , implying j !(n;x) j t n(a(x) ) :
Let h 2 I R 2 , jhj < t n 0 and n 2 I N such that t n 2 jhj < t n 1 , then thanks to the separated open set condition !(n; x + h) = !(n; x):
Let P a g x (h) be the Taylor expansion of g at the order a = a(x)] at the point x (where the notation ] denotes the integer part), i.e
PF x (h) is well de ned because of the localization of the function g and all its derivatives of order less than k.
Using (17), we obtain
It follows from the mean value theorem that the rst term is in modulous bounded by
C 0 jhj a+1 + Cjhj a+1 t n(a+1 a(x)+ ) C 00 jhj a(x) : Thanks to the boundedness of F, the second term will be bounded by Cj !(n;x) j, so by Ct n(a(x) ) i.e by Cjhj a(x) .
And the third term is bounded by Proof:
In the case of the asumption (22), we choose h n = (0; t (n+1) ) with n large enough so that !(n;x) t n(a(x)+ ) . Since !(l; x + h n ) = !(l; x) for any l = 1; : : : ; n then
Set y l = S 1 !(l;x) (x) = (y l;1 ; y l;2 ) for l = 0; : : : ; n. We have y l 2 < ! l+1 (x) 1=s; (s 1)=s] 1=2; (t 1)=t]
Figure 5: A geometric justi cation for the property !(n; x + h n ) = !(n; x) and S 1 !(l;x) (x + h n ) = y l + (0; t l (n+1) ); so for 0 l n 1 g S 1 !(l;x) (x + h n ) g S 1 !(l;x) (x) = g(y l + (0; t l (n+1) )) g(y l ) = (y l;1 ) (y l;2 t l (n+1) ) (y l;2 ) = (y l;1 ) y l;2 t l (n+1) y l;2 (because of (22)) = t l (n+1) (y l;1 ): y n + (0; t 1 ) = 2 S !2A < ! thus F(y n + (0; t 1 )) = g((y n + (0; t 1 )) and from (16) F(y n ) = ! n+1 (x) F(y n+1 ) + g(y n ): Thus F S 1 !(n;x) (x + h n ) F S 1 !(n;x) (x) = F(y n + (0; t 1 )) F(y n ) = (y n;1 ) (y n;2 t 1 ) (y n;2 ) ! n+1 (x) F(y n+1 ) = t 1 (y n;1 ) ! n+1 (x) F(y n+1 ): And since F is positive then jF(x + h n ) F(x)j = n 1 X l=0 !(l;x) (y l;1 ) t l (n+1) + !(n;x) t 1 (y n;1 ) + ! n+1 (x) F(y n+1 ) but (y n;1 ) 1=s, thus jF(x + h n ) F(x)j s 1 t 1 !(n;x) Ct n(a(x)+ ) Cjh n j a(x)+ :
In the case of the asumption (23), we choose h n = (0; t (n+1) ) and the proof is identical. 4 The spectrum of singularities
We want now to determine the Hausdor dimension of the set of points x where (x) is equal to a given 0 < < 1.
For technical reasons, we shall assume another separation condition
This condition requires that if column i of the grid contains points of K, the two adjacent columns do not.
On the sets of singularities E , we will concentrate a suitable family of probability measures with certain scaling properties and then use the Lemma below (see 7]) to estimate the dimension of these sets: each measure gives us an upper bound and one of them will gives the equality.
Lemma 3 Let H s be the Hausdor measure of dimension s. Let be a probability measure on I R m , E I R m and C such that 0 < C < 1
If lim sup
For q 2 I R, de ne (q) by P !2A q ! s (q) = 1; i.e (q) = log( P !2A q ! )= log s. Set P ! (q) = q ! s (q) and let q be a probability measure on K such that 8(! 1 ; : : : ; ! n ) 2 A I N ; q (< ! 1 ;:::;!n ) = P ! 1 (q) : : : P !n (q):
The construction of such measure by induction is straightforward (see 10], 14] or 16]). and t (k 2 (r)+1) < r t k 2 (r) :
In 16], we have
By considering the two cases below, we will show that the spectrum of singularities depends on the geometrical arrangement of the < ! ; ! 2 A. 
Let E = fx : (x) = g; We can assume that max 1, so Theorem 1 implies that for < 1, E = f (!) : a( (!)) = g. Equation (28) We will now prove that the previous in mum is reached. For that we will look for the good measure that will gives the equality.
We can easily show that (q) is strictly concave and analytic, so for 2] log max log s ; log min log s , there exists a unique q 2 I R such that = 0 (q). Hence for 2] min ; max there exists a unique q 2 I R such that 1 = 0 (q).
With the probability~ q = q , the X j = log P ! j (q) are a sequence of i. Remark: The spectrum of singularities of the second case is di erent from the one of the rst case, whereas for an homogenous selfsimilar function (i.e if s = t) the spectrum of singularity and the L p -mean H lder index (p) are the same in the two cases; this means that they don't depend on the choice of the < ! . We will now prove that unlike d( ), the L p -mean H lder index (p) does not depend on the geometrical arrangement of the chosen < ! and so the multifractal formalism will fail.
The failure of the Multifractal Formalism
We will now prove that the equivalent formulas (12) and (13) (36) Now, we shall give the exact value of (p) and we will show that unlike d( ), (p) (or (p)) is the same for the two previous cases and so it doesn't depend on the geometrical arrangement of the chosen rectangles < ! . This fact gives also a reason for the failure of the multifractal formalism.
In order to give good upper bound for S p (h), we will assume that j j min > 1=t, (i.e the H lder regularity of any point is smaller than 1).
Lemma 6 Let p > 0 such that (p) + 1 + < p. Then for any > 0, there exists C > 0 such that for jhj small enough S p (h) Cjhj (p)+1+ : and if (p) + 1 + < p, then it will be estimated by Cjhj (p)+1+ " .
We will now estimate the term So the multifractal formalism doesn't hold.
In the rst case, since the cardinality of A is smaller than s, then for any 0 < p 1, Identically for the second case.
The Anisotropic Multifractal Formalism
We have shown that the multifractal formalism fails for the two previous cases: the Euclidean norm used in the de nitions of the pointwise regularity does not interact in a good way with the anisotropic contractions. We propose instead an homogenous norm that was used by Calder n and Torchinsky on one side (see 4] and 5]), Folland and Stein on the other one (see 8]) to develop a theory of anisotropic H p spaces.
We begin by de ning the homogenous norm and describing some of its basic properties, for proofs and more details we refer to 8]. where P x is the Taylor polynomial of f at x of homogenous degree .
We will now replace the Euclidean norm by the homogenous one in the terminology that appear in the formulation of the multifractal formalism, in order to be adapted to the geometric anisotropy. Then we will show that the anisotropic wavelet transform gives good characterizations for the new pointwise regularity for a large class of anisotropic selfsimilar functions. 
whence using the Young inequality in the multiplicative group I R + , we obtain
We also modify the de nition of the Hausdor dimension and Hausdor measure in order to be adapted to the anisotropy as follows (see 17]).
De nition 5 Let E I R m and R " the set of all coverings of E by sets of -diameter at most ". Let Finally we call the anisotropic multifractal formalism the property that the -Hausdor dimension d ( ) of the set of points x where (x) = is equal to the Legendre transform of (q) Q d ( ) = inf( q (q) + Q):
(60) Now we will introduce the class of anisotropic selfsimilar functions for which the anisotropic multifractal formalism will be valid. This new class will contain the family of selfsimilar functions of the two previous cases. 
We will study the existence of the solutions of (61) This property of M a (x) is independent of the choice of ' and a. We de ne the H p (I R m ) norm of F as the norm of M a (x) in L p (I R m ). 
where the constant C depends on k and the choice of the norm in H p (I R m ).
In the case where the solution will be a function, we will compute its global and pointwise anisotropic H lder regularity and then we will show that the anisotropic multifractal formalism holds.
We are now ready to state our main results.
Proposition 9 Suppose that P L j=1 j j j Q j < 1; in this case (61) has a unique distribution solution, which is an L 1 function and given by the series hence, we prove that its order of the magnitude near the tree is large, more precisely, near (S i 1 : : : S in (0); i 1 : : : in ), it is j i 1 j : : : j in j.
The dimensions of the singularities will be obtained by constructing invariant measures on the sets of singularities and using an adapted lemma 3.
For the proof of the anisotropic mulifractal formalism, we show that for q such that (q) kq Q Z jC (a; b)(F)j q db a m+ (q) :
